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Abstract
G. Chartrand, E. Salehi and P. Zhang (1998) studied the concept of graph partition dimension as a new approach to settle the
problem of ﬁnding the metric dimension of a graph. Now, the partition dimensions of many classes of trees have been known.
However, there are the partition dimension of a general tree is still not completely solved. In this paper, we study the partition
dimension on some speciﬁc classes of trees. In particular, we characterize all caterpillars and a subdivision of a star having
partition dimension four.
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1. Introduction
In 1975, Slater [6] deﬁned the locating number of graphs. Harary and Melter [5] independently deﬁned the same
notion with the name of the metric dimension of graphs. This concept has some applications in chemistry, navigation
of robot and so on.
Let G(V, E) be a graph and S = {v1, v2, ..., vk} ⊂ V(G). The distance d(u, v) between vertices u and v is the length
of a shortest path between u and v in G. The representation of vertex u with respect to S is the vector r(u|S ) =
(d(u, v1), d(u, v2), ..., d(u, vk)). We say that S diﬀerentiates vertices u and v if r(u|S )  r(v|S ). The set S is a resolving
set of G if all vertices of G have distinct representations. The metric dimension of G, is denoted by dim(G), is the
cardinality of a minimum resolving set of G. The metric dimension of graph was ﬁrstly studied in [5] and[6].
Let Π be an ordered partition of the vertex-set V(G) and Π = {S 1, S 2, · · · , S k}. The representation of a vertex v ∈ V
with respect to the partition Π is the vector r(v|Π) = (d(v, S 1), d(v, S 2), · · · , d(v, S k)), where d(v, S i) represents the
distance from vertex v to the set S i, for i ∈ [1, k]. The partition Π is called a resolving partition ofG if r(u|Π)  r(v|Π)
for every pair of distinct vertices u, v ∈ V . The partition dimension of G is the minimum k such that G has a resolving
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k-partition. The partition dimension of G is denoted by pd(G). The partition dimension of graphs was ﬁrstly studied
in [2] and[1].
The partition dimension and metric dimension of connected graph are related. Chartrand et al [1] gave upper bound
for the partition dimension of a graph in terms of its metric dimension as follow: If G is a nontrivial connected graph,
then pd(G) ≤ dim(G) + 1.
The subdivision of some edge e = uv of graphG is a replacement of edge e by two new edges {u,w} and {w, v} with
w is an additional new vertex in G. The subdivision graph of G is a graph resulting from the subdivision of edges in
G.
The following lemma appeared in[1] will be useful to us.
Lemma 1. [1] Let Π be a resolving partition of V(G) and u, v ∈ V(G). If d(u,w) = d(v,w) for all w ∈ V(G) − {u, v}
then u and v belong to distinct element of Π.
The study of partition dimension of certain classes of trees has been done by Chatrand at al [1]. They gave the par-
tition dimensions of double stars and certain caterpillars. They also characterized all graphs with partition dimension
2, and all graphs on n vertices with partition dimension n− 1 or n. Lately, Tomescu[7] characterized all graph of order
n having partition dimension n − 2.
Proposition 2. A connected graph G is path if and only if pd(G) = 2.
The problem of ﬁnding partition dimension of general trees is not completely solved. In 2015, Fredlina and
Baskoro[3] characterized some classes of trees with having partition dimension three. Motivated by these results,
in this paper, we characterise some classes of trees with dimension partition four. The classes that we consider are
caterpillars and a subdivision of a star Ki,n.
2. Main Results
In this section, we study the partition dimension of a caterpillar and a subdivision of a star. In particular, we
characterize all homogeneous caterpillars and subdivisions of a star with having partition dimension four.
2.1. Caterpillars
In [4], a caterpillar is deﬁned as a tree in which removal of all its endpoints yields a path (see Figure 1). The homo-
geneous caterpillar is denoted by C(m, n) with the vertex-set and edge-set are
V(C(m, n)) = {vi|i ∈ [1,m]} ∪ {wi, j|i ∈ [1,m], j ∈ [1, n]} and
E(C(m, n)) = {viwi, j|i ∈ [1,m], j ∈ [1, n]} ∪ {vivi+1|i ∈ [1,m − 1]}.
From now on, for any i ∈ [1,m] deﬁne Xi = {vi} ∪ {wi, j| j ∈ [1,m]}. Denote by Ai the subgraph of C(m, n) induced
by Xi.
The following result on the characterization of homogenous caterpillars having partition dimension 3 was obtained
by Fredlina and Baskoro in [3].
Theorem 3. [3] Let G be a homogeneous caterpillar C(m, n). Then, pd(G) = 3 if and only if (n = 1 and m ≥ 3) or
(n = 2 and m ≥ 2) or (n = 3 and m ≤ 3).
From Lemma 1, we obtain an immediate following fact.
Corollary 4. Let Π be a resolving partition of C(m, n). If u and v are leaves of Ai for any i ∈ [1,m] then u and v must
be in diﬀerent elements of Π.
Lemma 5. Let Π be a resolving partition of V(C(m, n)) with |Π| = k. If n = k, then m ≤ k.
Proof. Suppose m ≥ k + 1. All leaves of Ai must be in diﬀerent partition classes of Π. Since n = k, then without
loss of generality we could assume that wi, j ∈ S j for any i ∈ [1,m] and j ∈ [1, n]. Since m ≥ k + 1, then there exist
two distinct vertices vi and v j contained in the same partition class, and so their representations will be the same, a
contradiction. Thus, m ≤ k.
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Fig. 1. (a) The caterpillar C(5, 3, 2, 1, 4, 3) and (b) The homogeneous caterpillar C(5, 3)
Theorem 6. For any integers n,m ≥ 1, let G be a homogeneous caterpillar C(m, n). Then, pd(G) = 4 if and only if
(n = 3 and m ≥ 4) or (n = 4 and m ≤ 4).
Proof. (⇐) We will show that pd(G) = 4.
(a) n = 3 and m ≥ 4.
By Theorem 3, pd(G) ≥ 4. Now, let Π be a partition of V(G) with Π = {S 1, S 2, S 3, S 4} induced by a function f
as follows:
f (wi, j) = S j for any i ∈ [1.m], j ∈ [1, 3], and
f (vi) =
{
S 4 if i = 1,
S 2 if i ∈ [2,m].
Then, the representation of vi for any i ∈ [1,m] is
r(vi|Π) =
{
(1, 1, 1, 0) if i = 1,
(1, 0, 1, i − 1) if i ∈ [2,m].
We have that r(w1,1|Π) = (0, 2, 2, 1), r(w1,2|Π) = (2, 0, 2, 1), r(w1,3|Π) = (2, 2, 0, 1) and for all i ∈ [2,m], we have
the representation of wi, j as follows.
r(wi, j|Π) =
⎧⎪⎪⎪⎨⎪⎪⎪⎩
(0, 1, 2, i) if j = 1,
(2, 0, 2, i) if j = 2,
(2, 1, 0, i) if j = 3.
The representations of all vertices are distinct. Therefore, pd(G) = 4.
(b) n = 4 and m ≤ 4.
Again, by Theorem 3, pd(G) ≥ 4. Now, let Π be a partition of V(G) with Π = {S 1, S 2, S 3, S 4} induced by a
function f as follows.
f (vi) = i and f (wi, j) = j, for every i ∈ [1,m], j ∈ [1, 4].
Then, we have that r(vi|Π) has one ’0’ at the i-th component and ’1’ at the remaining components. Furthermore,
if j = i then r(wi, j) has one ’0’ at the i-th component and ’2’ at the remaining components. If j  i then r(wi, j)
has ’0’ at the j-th component, ’1’ at the i-th component and ’2’ at the remaining components. Therefore, the
representations of all vertices are distinct. Thus, pd(G) = 4.
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(⇒) By Corollary 4, we have n ≤ 4. By Theorem 3, we have n ≥ 3. If n = 3 by Theorem 3, we have m ≥ 4. If
n = 4, then by Lemma 5, we have m ≤ 4.
2.2. Subdivision of star
A subdivision of a star K1,n has a similar characteristics with an olive tree. An olive tree is constructed from a star
K1,n by subdivision all the edges 0,1,...,n − 1 times, respectively [4]. In this paper, denoted by K1,n(m) a subdivision of
a star K1,n on each edge m − 1 times (see Figure 2).
Fig. 2. The subdivision K1,n(m)
The following theorem appeared in[3] will be useful for us.
Theorem 7. [3] For any integer number n ≥ 3, let G be an olive tree O(n). Then, pd(G) = 3 if and only if 3 ≤ n ≤ 7.
Now, we characterize all such subdivision K1,n(m) with partition dimension 4.
Theorem 8. For any integers m ≥ 2, n > 2, let G  K1,n(m). Then, pd(G) = 4 if and only if 8 ≤ n ≤ 17.
Proof. (⇐) First, let Π = {S 1, S 2, S 3, S 4} be a partition of V(G). Without loss of generality, let x ∈ S 1. The partition
of the remaining vertices is as follows.
(1) S 1 = {v1,1, v1,2, ..., v1,m} ∪ {v2,1, ..., v7,1} ∪ {v3,2}.
(2) S 2 = {v2,2, v2,3, ..., v2,m} ∪ {v4,2, v11,2, v13,2} ∪ {v8,1, v9,1, ..., v12,1} ∪ {v12,2, v12,3, ..., v12,m} ∪ {v14,2, v14,3, ..., v14,m}.
(3) S 3 = {v5,2, v5,3, ..., v5,m} ∪ {v6,2, v8,2, v16,1, v16,2} ∪ {v9,2, v9,3, ..., v9,m} ∪ {v10,3, v10,4, ..., v10,m} ∪ {v13,1, v14,1, v15,1} ∪
{v17,1, v17,2, ..., v17,m, }.
(4) The remaining vertices are in S 4.
Then, r(x|Π) = (0, 1, 1, 2), and we have that:
r(v2,1|Π) = (0, 1, 2, 3) r(v3,1|Π) = (0, 2, 2, 2) r(v4,1|Π) = (0, 1, 2, 2)
r(v5,1|Π) = (0, 2, 1, 3) r(v6,1|Π) = (0, 2, 1, 2) r(v7,1|Π) = (0, 2, 2, 1)
r(v8,1|Π) = (1, 0, 1, 2) r(v9,1|Π) = (1, 0, 1, 3) r(v10,1|Π) = (1, 0, 2, 1)
r(v11,1|Π) = (1, 0, 2, 2) r(v12,1|Π) = (1, 0, 2, 3) r(v13,1|Π) = (1, 1, 0, 2)
r(v14,1|Π) = (1, 1, 0, 3) r(v15,1|Π) = (1, 2, 0, 1) r(v16,1|Π) = (1, 2, 0, 2)
r(v17,1|Π) = (1, 2, 0, 3) r(v3,2|Π) = (0, 3, 3, 1) r(v4,2|Π) = (1, 0, 3, 1)
r(v5,2|Π) = (1, 3, 0, 1) r(v6,2|Π) = (1, 3, 0, 1) r(v7,2|Π) = (1, 3, 3, 0)
r(v8,2|Π) = (2, 1, 0, 1) r(v9,2|Π) = (2, 1, 0, 4) r(v10,2|Π) = (2, 1, 1, 0)
r(v11,2|Π) = (2, 0, 3, 1) r(v12,2|Π) = (2, 0, 3, 4) r(v13,2|Π) = (2, 0, 1, 1)
r(v14,2|Π) = (2, 0, 1, 4) r(v15,2|Π) = (2, 3, 1, 0) r(v16,2|Π) = (2, 3, 0, 1)
r(v17,2|Π) = (2, 3, 0, 4),
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r(vi, j|Π) =
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
(0, j + 1, j + 1, j + 2) if i = 1 and j ∈ [1,m],
( j − 1, 0, j + 1, j + 2) if i = 2 and j ∈ [2,m],
( j − 2, j + 1, j + 1, 0) if i = 3 and j ∈ [3,m],
( j − 1, j − 2, 0, j + 2) if i = 4 and j ∈ [3,m],
( j − 1, j + 1, 0, j + 2) if i = 5 and j ∈ [3,m],
( j − 1, j + 1, j − 2, 0) if i = 6 and j ∈ [3,m],
( j−, j + 1, j + 1, 0) if i = 7 and j ∈ [3,m],
( j, j − 1, j − 2, 0) if i = 8 and j ∈ [3,m],
( j, j − 1, 0, j + 2) if i = 9 and j ∈ [3,m],
( j, j − 1, 0, j − 2) if i = 10 and j ∈ [3,m],
( j, j − 2, j + 1, 0) if i = 11 and j ∈ [3,m],
(J, 0, j + 1, j + 2) if i = 12 and j ∈ [3,m],
( j, j − 2, j − 1, 0) if i = 13 and j ∈ [3,m],
( j, 0, j − 1, j + 2) if i = 14 and j ∈ [3,m],
( j, j + 1, j − 1, 0) if i = 15 and j ∈ [3,m],
( j, j + 1, j − 2, 0) if i = 16 and j ∈ [3,m],
( j, j + 1, 0, j + 2) if i = 17 and j ∈ [3,m].
Since the representations of all vertices are distinct, then pd(G) ≤ 4. Next, by Theorem 7, we have pd(G) ≥ 4 if
8 ≤ n ≤ 17. Therefore, pd(G) = 4.
(⇒) By Theorem 7, we have n ≥ 8. We will show that n ≤ 17. Let Π = {S 1, S 2, S 3, S 4} be a resolving partition
of V(G). Without loss of generality, let x ∈ S 1. Now, by considering vi,1 there are 7 cases.
Case 1 all vi,1 ∈ S 1.
For all i ∈ [1, n], we have d(vi,1, S 1) = 0, and 1 ≤ d(vi,1, S k) ≤ 3 for all k ∈ [2, 4]. So, there are 14 possibilities for the
representation of vi,1:
(0, 1, 2, 3) (0, 1, 3, 2) (0, 1, 3, 3) (0, 2, 1, 3)
(0, 2, 3, 1) (0, 2, 3, 3) (0, 3, 1, 2) (0, 3, 1, 3)
(0, 3, 2, 1) (0, 3, 2, 3) (0, 3, 3, 1) (0, 2, 1, 1)
(0, 3, 3, 2) (0, 3, 3, 3).
Case 2 All vi,1 ∈ S 2 or S 3 or S 4.
Without loss of generality, S 2 ⊇ {vi,1|i ∈ [1, n]}. Consequently, d(vi,1, S 1) = 1, d(vi,1, S 2) = 0, 1 ≤ d(vi,1, S 3) ≤ 3 and
1 ≤ d(vi,1, S 4) ≤ 3. Then, we have 7 possibilities for the representation of vi,1:
(1, 0, 1, 2) (1, 0, 1, 3) (1, 0, 2, 1) (1, 0, 3, 1)
(1, 0, 3, 2) (1, 0, 2, 3) (1, 0, 3, 3).
Case 3. All vi,1 ∈ (S 1 ∪ S 2) or (S 1 ∪ S 3) or (S 1 ∪ S 4).
Without loss of generality, S 1 ∪ S 2 ⊇ {vi,1|i ∈ [1, n]}. Then, we have d(vi,1, S 1) ≤ 1, d(vi,1, S 2) ≤ 2, 1 ≤ d(vi,1, S 3) ≤ 3
and 1 ≤ d(vi,1, S 4) ≤ 3. There are 17 possibilities for the representation of vi,1, namely:
(0, 1, 2, 3) (0, 1, 3, 3) (0, 2, 1, 2) (0, 2, 1, 3)
(0, 2, 2, 1) (0, 2, 2, 3) (0, 2, 3, 1) (0, 2, 3, 2)
(0, 2, 3, 3) (0, 2, 3, 2) (1, 0, 1, 3) (1, 0, 2, 1)
(1, 0, 2, 3) (1, 0, 3, 1) (1, 0, 3, 2) (1, 0, 3, 3).
(1, 0, 1, 2)
Case 4. All vi,1 ∈ (S 2 ∪ S 3) or (S 2 ∪ S 4) or (S 3 ∪ S 4).
Without loss of generality, S 2 ∪ S 3 ⊇ {vi,1|i ∈ [1, n]}. Consequently, d(vi,1, S 1) = 1, d(vi,1, S 2) = 0, d(vi,1, S 3) ≤ 2 and
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1 ≤ d(vi,1, S 4) ≤ 3. We have 9 possibilities for the representation of vi,1:
(1, 0, 1, 2) (1, 0, 1, 3) (1, 0, 2, 1) (1, 0, 2, 3)
(1, 1, 0, 2) (1, 1, 0, 3) (1, 2, 0, 1) (1, 1, 0, 2).
(1, 1, 0, 3)
Case 5. All vi,1 ∈ (S 1 ∪ S 2 ∪ S 3) or (S 1 ∪ S 2 ∪ S 4) or (S 1 ∪ S 3 ∪ S 4).
Without loss of generality, S 1 ∪ S 2 ∪ S 3 ⊇ {vi,1|i ∈ [1, n]}. So, d(vi,1, S 1) ≤ 1, d(vi,1, S 2) ≤ 2, d(vi,1, S 3) ≤ 2 and
1 ≤ d(vi,1, S 4) ≤ 3. Consequently, There are 17 possibilities for the representation of vi,1:
(0, 1, 2, 2) (0, 1, 2, 3) (0, 2, 1, 2) (0, 2, 1, 3)
(0, 2, 2, 1) (0, 2, 2, 2) (0, 2, 2, 3) (1, 0, 1, 2)
(1, 0, 1, 3) (1, 0, 2, 1) (1, 0, 2, 2) (1, 0, 2, 3)
(1, 1, 0, 2) (1, 1, 0, 3) (1, 2, 0, 1) (1, 2, 0, 2).
(1, 2, 0, 3)
Case 6. All vi,1 ∈ S 2 ∪ S 3 ∪ S 4.
We have d(vi,1, S 1) = 1, d(vi,1, S 2) ≤ 2, d(vi,1, S 3) ≤ 2 and d(vi,1, S 4) ≤ 2. Consequently, There are 9 possibilities for
the representation of vi,1
(1, 0, 1, 2) (1, 0, 2, 1) (1, 0, 2, 2) (1, 1, 0, 2)
(1, 2, 0, 1) (1, 2, 0, 2) (1, 1, 2, 0) (1, 2, 1, 0).
(1, 2, 2, 0)
Case 7. All vi,1 ∈ S 1 ∪ S 2 ∪ S 3 ∪ S 4.
In this case, there are 13 possibilities for the representation of vi,1:
(0, 2, 2, 1) (1, 0, 2, 1) (1, 2, 0, 1) (1, 2, 1, 0)
(0, 2, 1, 2) (1, 0, 1, 2) (1, 1, 0, 2) (1, 1, 2, 0)
(0, 1, 2, 2) (1, 0, 2, 2) (1, 2, 0, 2) (1, 2, 2, 0).
(0, 2, 2, 2)
As conclusion, there are maximum 17 possible representations of vi,1. Thus, we have that n ≤ 17.
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